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Abstract 

We analyze the effect that the Coulomb interaction has on the edge excita- 
tions of an electron gas confined in a bar of thickness W, and in presence of 
a magnetic field corresponding to filling factor 1 Quantum Hall effect. We 
find that the long-range interaction between the edges leads the system to a 
ground state with a quasi-long range order, similar to a Charge Density Wave. 

The spectral density of states vanishes at zero frequency, and increases with 
frequency faster than any power law, being the conductance of a infinite long 
system zero. 

BAGS number 73.40.Hm, 72.15.Nj 

Edge states play a very important role in the understanding of the Quantum Hall Effect 
(QHE). |I| Some properties of the integer QHE can be understood from the one-electron 
picture of the edge states 0, but at the moment the edge structure in the fractional QHE 
regime is unclear. [Q] Due to the one-dimensional (ID) character of the QHE edge states, it 
has been proposed that they behave as a Fermi liquid in the integer case and as a Luttinger 
liquid in the fractional case. In these works, it is assumed short range electron-electron 
interaction and therefore it is also neglected the interaction between outgoing and ingoing 
edge states. However, in order to obtain high mobility electron samples, any metallic gate 
in the actual physical systems must be far away from the plane where the two-dimensional 
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electron gas (2DEG) lives, and therefore the Coulomb interaction between electrons is prac- 
tically unscreened . 

In this paper we study the effect that the Coulomb interaction has on the properties of 
the edge states of an electron gas conhned in a bar of thickness W, in the case of QHE at 
hlling factor 1. Our main conclusion is that the long-range Coulomb interaction between 
edges leads the system to a state characterized by a quasi-long-range order, similar to an ID 
charge density wave (CDW) state. We obtain that the charge-charge correlation function 
along the edge direction (y) presents oscillations with period ‘I'n jW which decay slower than 
any power law of y. (Along this work we take the magnetic length, £, as the unit length and 
as the unit of energy). We hnd that the the spectral density of states is zero at zero 
frequency (c<;), and increases with lo faster than any power law. Also we hnd that this system 
has not a well dehned Fermi surface, although the derivate of the ocupations at wavevector 
hE/2 tends to inhnity with the thickness of the electron bar. Due to the quasi-long-range 
order, the conductance of a inhnity long system is zero, but we hnd that for realistic hnite 
systems it depends strongly on the length and thickness of the bar. 

Since we are dealing with a strong magnetic held {B) phenomenon, and we are interested 
in edge excitations with smaller energy than the Zeeman and cyclotron energy, we only 
consider states in the lowest Landau level and with the spin parallel to B. In the Landau 
gauge the Hamiltonian has the form, 

H = Y^eo{k)4ck + Y. . (1) 

Here ct creates an electron with wave function ^ ^ 

system dimensions and n(g) is the Fourier transform of the Coulomb interaction. The hrst 
term in equation (1) is the conhnement potential and it is choosen to be the created by 
a hctitious positive background which cancels the electronic charge corresponding to get 
occupied all the electron states with —W/2 < k < W/2. Assuming translational invariance 
in the y direction, the Hartree-Fock (HF) solution of this Hamiltonian is 
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( 2 ) 



>= n i0 > 

-Wl2<k<Wl2 

This solution coincides with the exact solution for large values of W . [^,0 The charge density 
excitations (CDE) of the ground state described by >, have the form [Q 

, ( 3 ) 

k 

where the coefficients (fc) are obtained by minimizing the energy of the CDE, huji{q) =< 

>i, with respect them. Due to the ID character of these excitations, 
for a given g, the number of CDE is given by qLyj2Ti. In hgure 1 it is plotted the energy of 
the CDE versus the wavevector q for two different values of W . The CDE spectrum consists 
of a continuous band of energy, which increases in size with g, and some lower energy 
branches. The continuum of energies corresponds basically to electron-hole excitations and 
the low energy branches to collective excitations. Using the HE wavefunction as the ground 
state, our method of calculation of the CDE energies is equivalent to the time-dependent 
HE method, and we can classihed the different terms contributing to the energy of the CDE 
as: (a) a term corresponding to the conhnement potential, (b) a term coming from the 
self-energies difference between the excited electron and the level from which the electron 
is removed, (c) a depolarization term coming from terms in the Hamiltonian where the 
electron and hole annihilate each other at one point in space and one electron-hole pair 
is created simultaneoulsly at onother point, and (d) and excitonic term which is just the 
direct Coulomb interaction of the excited electron and hole. At small g the dispersion of the 
collective excitations has the form hui{q) = (Aj — ^lng)g, where the coefficients A* depend 
only on the conhnement potential and the g In g term corresponds to the classical dispersion 
of edge magnetoplasmons and comes from the depolarization term. It is important to 
note that at small g there is an exact cancelation between the contributions (b) and (c) to 
the energies of the CDE, in such a way that the expected classical result, coming from the 
depolarization term, is obtained. 

The lowest energy CDE always shows a deep minimum at g ~ W. This minimum is due 
to the coupling between the two edges of the system and it becomes a soft mode when W 



is smaller than 4 magnetic lengths. The existence of this soft mode is an indication of the 
importance that qnantnm fluctnations have on this system when W is small. It is necessary 
to go beyond mean held approximation in order to describe the properties of the edge states. 
The idea is to write an effective Hamiltonian, H^ff, for describing the low-energy excitations 
of the system, i.e. the edge excitations. It is not possible to write an Tfe// as a fnnction of the 
CDE previously obtained because they are not independent between them. However, due 
to the ID character of the edge excitations they can be generated by repeated application 
of the density operators on the ground state. This is strictly true for the Luttinger 
model |IO Hl^] , and for physical systems it is based on the assumption that the following 
conmutation relation are satished: 



[pi{q),pi{-q')] = 
[p2(g),P2(-g')] = 
[pi(?),P2(g')] = 0 , 
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with pi{q) = Y.k>o'- ^t+q^k'- and P2{q) = J2k<o ■ ct+qCk ■ Here, the colons represent normal 
ordering of the creation and annihilation operators. For g > 0, the operator pi{q) (p 2 (— g)) 
acting of the groundstate, creates an excitation on the right (left) edge of the bar. Although 
expressions (4) are not strictly satisfied in our system, its average in the HF ground state 
is satished for g < W, and errors in using equations (4) are proportional to g, therefore we 
expect that using commutation relation(4) is a good approximation for small g. 

Using the operators pi and p 2 as the generators of the low energy excitations in the system 
(edge excitations), the effective Hamiltonian can be written, in the harmonic approximation, 
as 

2n 

Heff = IZ^(^w(g) [pi(-g)pi(g) +P2(g)p2(-g)] + U(g) [pi(-g)p2(g) + P2(-g)pi(g)]) , 

g>0 

( 5 ) 



with 



Tiuj{q) =<^HF\pi{.-q)Hpi{q)\^HF > and 
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hf\H pi{—q)p2{q)\'^ HF > 
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Two terms contribute to V{q), a depolarization and a excitonic term. We find, that due 
to the short range of the exchange interaction, for W larger than 2 magnetic lengths 
the excitonic term is practically zero and the depolarization term get its classical value 
V{q) = ^KQ^qW). The value of uj{q) is practically equal to the lower energy CDE uji{q) for 
wavevectors g < 1 and W > 2. 

The Hamiltonian (5) can be solved using a Bogoliubov transformation 0 and the 
elementary excitations have energy Eg = — V^. Due to the coupling between the 

edges, at small wavevectors (g << W~^) Eg disperses as a ID plasmon: Eg ~ q^J\ lng|. 
These excitations can still be classified as left and right movers, but now a mode propagating 
on an edge is dragged by the charge in the other edge. |n| From the solution of the effective 
Hamiltonian (5) it is possible to obtain the left and right one electron creation operators, 
and from them to compute different correlation functions. The two Fermi wavevector (W) 
CDW correlation function can be written as follows 



<p{y)p{o)>w= lim — cos {Wy) exp 

Tia 



e hu{q) — V{q) 

a E„ 



{cos qy — 1) 
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We find that for large values of y, < p(g)p(0) >w decays as i.e. slower 

than any power law. The slow decay with y of this CDW correlation function indicates an 
incipient CDW ground state with wavevector W, in which the chage density waves in the left 
and right edges are out of phase. This result is very similar to the one obtained by Schulz 
l5| for the case of an ID electron gas with long range Coulomb interaction. However, in 



our case, due to the spatial separation between the outgoing and ingoing edges, the period 
of the oscillations in the density density correlation function, is related with the inverse of 
the lineal density of charge in the bar (~ W), and not with the average edge interparticle 
spacing (~ ^). 

Using the bosonization method we also calculate the single particle Green function, which 
for large values of y decays as much faster than any power law. flS 



From the single particle Green function we compute the momentum distribution function 



<rik> for different values of W . In figure 2 we plot < > versus k for two values of W. 

Due to the fast decay of the one particle Green function, <Uk> and all its derivates are 
continues at the Fermi wavevector of the system W /2. Nevertheless, we can see in hgure 
2 that the absolute value of the derivate of <Uk> at PF/2 increases very quicly with W. 
Therefore for large values of W, although the system does have not a Fermi surface, <Uk> 
changes from 1 to 0 very abruptly at W/2. 

From the retarded current current correlation function we have also studied the conduc- 
tivity of the system, which in this case has the form, 

2e^ojq — Vq/?i i{ijj + i5) 



a{q,u) = lim 

<5^0 h q {uj + tSy — (Eq/h)^ 

From the conductivity it is possible to calculate the conductance, 

27T U!q — Vq/h 
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G = lim 



<?^o h L, 



-6{Eq/h) , 



(9) 



which is zero for the case of an inhnite system. This result is a consequence of the quasi 
long range order existing in the system. Only in the hF — > oo case the conductance in the 
system corresponds to the case of an isolated edge, e^/h. For a better understanding of this 
result we calculate the momentum-integrated spectral density function. 



1 r r 

Aioo) = lim — / - / 

ira J-oo Jo 



dp- 
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which satisfies the numerically more convenient integral equation 

uj ( n) 

A{u})uj = / dp -Aiuj — Ep) , 

Jo p 



(1 - 
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with Pc verifying Ep^ = hu. For small frequencies A{u)) ~ ^-const{-\n{ui)p/'^ /{\nwp/'^ _ 
a Luttinger liquid with conductance the spectral density of states varies as 

_ ^(g+i/g)/2-i ^ therefore as smaller is the conductivity bigger is the power in the 
spectral density. |TB| , p!7| In our case the density of states increases with oj faster than any 
power law of a;, and it is in agreement with the fact that the conductance is zero. On the 
contrary, in the case of not coupling between edges iy{q) = 0), the calculation reduces to 



the HF approximation for isolated edges, and the density of states vanishes at the Fermi 
energy, increasing with the frequecy as (— ln(o;))“^, i.e. slower than any power law, being 
therefore the conductance e^/h. 

Since the conductance goes to zero as l/(— Ing)^/^ it is convenient a estimation of the 
conductance in a large but finite system. In figure 3 we plot, for different values of W, the 
quantity 

K(q, W) ^ ‘ . (12) 

as a function of {qW)~^. For large values of Ly/W^ the conductance is G ~ ^iF(|^,hF), 
and from figure 3 we see that for realistic large values of Ly^ the conductance is different 
from zero. Also we see in figure 3 that, due to the long range of the Coulomb interaction, 
G < I h even for very large values of W . 

We should stress here that the conductance we compute corresponds to the two terminal 
conductance and not to the Hall conductance. In fact, if the density of states at the Fermi 
energy is not singular, the Hall conductance has the value e^/h JT^, independently of the 
coupling between the edges. Thus the Hall transport does not provide information on the 
edge interactions. We propose that the two-terminal conductance could give us information 
on the interaction between electrons in different edges. Of course, experimentally the mea- 
sure of the two-terminal conductance can be influenced by the ohmic constact resistance, 
and it could be difficult to separate the correction to the conductance due to edge coupling 
from the one due to contacts. 

In summary, we have studied the effect that the Colulomb interaction has on the prop- 
erties of the integer QHE edge states, of a Hall bar as a function of its thickness W . We 
hnd that the system is characterized by a quasi-long range order, similar to a CDW. The 
spectral density of states vanishes at the Fermi energy and increases with lo slower than any 
power law, and therefore the two terminal conductance of a infinite system should be zero. 
However we estimate that for large but finite system the values of the conductance depend 
on the thickness and length of the Hall bar, and is not quantized. 
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FIGURES 



FIG. 1. Dispersion relation, obtained in the time dependent Hartree-Fock approximation, of 
the lowest energy charge density excitations for (a) W = 10£ and (b) W = 2£. 

FIG. 2. Variation as a function of cj of the absolute value of the derivate of the momentum 
distribution function, < rik > evaluated at the Fermi wavevector IF/2. In the inset of the figure it 
is plotted < nfc > as a function of k for two different values of IF. 



FIG. 3. Variation of the quantity K{q,uj), see text, as a function of qW, for different values 




